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This paper revisits quantum corrections to gravity. It was shown previously by other authors 
that quantum field theories in curved space time provide quadratic curvature forms as quantum 
corrections to gravity in a conformally flat metric. Application to a spherically symmetric and static 
(SSS) metric shows that only the Gauss Bonnet combination (GB) yields the correct expression. 
Using a variational method, the author shows that the metric he obtained in 1985 as an example in 
a simplified case was indeed the exact solution for a SSS metric. This proves that gravity becomes 
repulsive at short distances by quantum corrections. 
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I. INTRODUCTION 



Quantum field thories on a curved space time were ex- 
tensively studied in 1970-80 in the case of a conformally 
flat (CF) metric, and it was concluded tfiat quantum cor- 
rections to gravity are expressed as quadratic curvature 
forms in that metric [jy]. The application of that formal- 
ism to the Friedman Walker (FW) metric gave the inter- 
esting observation that a collapsed universe will bouce 
back to an expansion in some cases [2]. This provides 
a hint that quantum corrections to gravity might yield 
a repulsive component at short distances. The author 
studied quantum corrections for a SSS metric and ob- 
tained a repulsive force at short distance in the special 
case of a Gauss Bonnet (GB) combination, and also by a 
numerical computation. Based on this analysis, the au- 
thor proposed a model for hirfi energy cosmic rays pro- 
duced from AGN in 19850,13, d- This turns out to 
predict recent data from the Pierre Auger Project that 
suggests a possible correlation between high energy cos- 
mic rays and locations of AGN [6]. Further discussion of 
the model yielded a new mass scale at the knee energy of 
the cosmic ray spectrum and a prediction for the mass of 
a dark matter particle, which is supported by recent data 
from HESS Q, H, Q- Because of successful predictions 
that agree with observational reality, it is important to 
solidify a theoretical basis for the model. From this point 
of view, the author has revisited the subject of quantum 
corrections on gravity. Using an explicit form for a SSS 
metric, it is shown that among proposed expressions in 
a conformally flat metric, only the Gauss Bonnet com- 
bination satisfies the finiteness of renormalization. This 
implies that the metric obtained by the author in 1985 
is in fact the rigorous solution for quantum corrections 
to gravity and the repulsive nature of gravity at short 
distances has been established. A derivation of the final 
result by a variational method is presented. 



II. QUANTUM CORRECTIONS IN A SSS 
METRIC 

Extensive studies of quantum corrections to gravity in 
a CF metric can be summarized [l|, Q as 



(1) 



where 



Ht^" = - - — / F\/ioId"a; 



F = AR'^^''^ R^p^s + BR'^^Rafi + CR^ 
= h + {n- 4)/i + 0{{n - 4)2), 



(2) 
(3) 



and A, B and C are constants. It is well known that the 
GB combination 



A= 1,B 



-A.C =1 



(4) 



is finite for any metric. For a CF metric, the combina- 
tions 



and 



(Ai?,c) = (0,1,0) 



(AS,C) = (0,0,l/3) 



(5) 



(6) 



give finite values and contribute to a quantum correction 
term, although the two yield an identical correction. Us- 
ing an explicit expression for curvature in n dimensions, 
I will examine this property for a SSS metric in n dimen- 
sions 



ds^ = e'df " e^dr^ - r^d^^. 



(7) 



where v and A are functions of the radial coordinate, r, 
and the angular part can be expressed symbolically as 



dn^ 



dijJi + dijj2 



-duj„ 



(8) 



From the computation of curvature in the appendix, 
one can express the integrand in Eq. ([3]), where /q and 



/i are coefBcients in the expansion in (n-4) and 

/o = (A + B/2 + C)gi + {B + 4C)g2 

+ {u'^ + X'^){e-^/rf{2A + 3B/2 + AC) 

- ^Cgs. (9) 

where 

gi = {„" + v'-^jl - u'\'/2fe-^^ + 4((e^ - 1)6" Vr')', 

(10) 

52 = {{v" + !^'V2 - v'\'/2){v' - A') - v'X'/r 

-2(t.'-A')(e^-l)/r2)e-2^/r,. (11) 

and 

53 = {{v" + i.'V2 - i.'A72)(e^ - 1) + v'\')e-^^ /r^ . (12) 

First manipulate the last term. Multiplying by the r 
dependent term, 



.91 = e(-+^)/V"-2 



(13) 



and noticing that a total derivative does not contribute 
to a variation, one can reformulate 

G = [v" + v'^/2){e^ - l)e-2Ag(.+A)/2^n-4 
= 2(e''/2)"(e-^/2 _ g-3A/2)^„-4 
= (2(e'^/2)'(e-^/2 _ g-3A/2)^n-4y 

+ j/'A'(e^ - 3)/2e-2Ae(-+A)/2^n-4 

- (n - 4)t^'(e^ - ^)g-2Ag(^+A)/2^„-5 (^4) 

then 

= 4C(n - 4)i/'(e^ -- l)e-2Ae(''+A)/2^«-5^ ^^5) 

where all terms cancel or a noncontributing total deriva- 
tive term is dropped. 

Now coming back to the expression for F , the first two 
terms should vanish independently, since they are the 
fourth derivative and third derivative of the function, v. 
The condition for vanishing of the two coefficients 



and 



A + B/2 + C = Q 



B + 4C = 



(16) 



(17) 



yields a multiple of the GB condition, Eq. (|4]). For that, 
the third term automatically vanishes 

2A + 3B/2 + 4C 

= 2{A + B/2 + C) + {B + AC)I2 = Q (18) 

The fourth term is proportional to (n — 4) as is seen in 
Eq. p3|) . This term should be added to the quantum 



correction term /i in the variational calculation. This 
proves that quantum corrections for a SSS metric should 
consist of a GB combination exclusively, where 



/o = 0. 



(19) 



Using expressions from the appendix, the expansion of 
F in (n — 4) [yield] yields 

/i = A{{v'^ + A'2)(e-Vr)2 + 6(e^ - lf{e-^/rf) 

+ B{-{v" + v'^/2 - v'\'/2)(v' - A')e-2^/r 

+ 5(.'^ + A'2)(e-V'f--'A'(e-VOV2 

-?,W-\'){{e^-l)/r){e-^/rf 

+ b{{e^-l)/rf{e-^/rf) 

+ C{2{v" + v''^/2 - u'\'/2){v' - \')e-'^^/r 

+ A{u'^ + \'^){e-^lrf - 8i.'A'(e-V0' 

- Q{u" + v''^l2 - v'\'/2){e^ - l){e-^/rf 

- lQ{y' - A')((e^ - l)/r){e-^/rf 
+ l2{e^-lf{e-^/r^f) 

+ ACv'{{e^-l)/r){e-^/rf, (20) 

where the last term is added from Eq. (1151) . Rearranging 
appropriate terms, one gets 

/i = {y'^ + A'2)(e-Vr-)'(A + B/A + B + AC) 
+ {B + AC)gA 
-dCgs 

+ ((e^ - l){e-^/r^))^6A + 5B + 12C) 
- {v' - A')((e^ - l)/r){e-^/r)^{iB + 16C) 
+ 4Ci.'((e^-l)/r)(e-V0', (21) 

where 

54 = \{W' + ^'V2 - J^'A72)(^' - \')r - iy'X'){e-^/r)' 

(22) 
In this expression, the first two terms vanish by the BG 
condition, Eq. (U), while the third term becomes higher 
order [of] in (n — 4) by Eq. (fT5|) . In the last two terms, 
the i^' terms cancel and finally one gets 

/i -4A'((e^-l)/r)(e-V0'-2(e^-l)2(e-V^')'- (23) 
Multiplying by gi'^+^)/^r^^ variation of 

500 = e" (24) 

yields 



ijOo = 



1 



,(i/+A)/2^2 ^(gi^) 



(/le 



(i.+A)/2 2 



r') 



- r'^^ 



(25) 
(26) 



^0 - ^h 



(27) 



2A'((e^ - l)/r){e-^/rf - (e^ - 1)^ {e- ^ / r^)^ . 

(28) 



For the variation of 



H 



11 



511 = -e 



' r(77^(/ie("'+^)/V2) 



(29) 



g(i/+A)/2^2V^(_gA)' 



1 



r(4(e 



3 -5A/2 _ 5 -7A/2 



X\i 2' 



g(i/+A)/2j,2 . . • J, 

+ (e-V2 + 2e-'W2 _ 3g-5A/2)g./2 
g-3A/2 _ g-5A/2 



2- g./2 



4(- 



-)e-/^)') 



1 '- /'^ ~ 1 „-3A (iy+A)/2 



K2t.' 



g(i/+A)/2^2 \ y, 

+ (e^ - l)2e-3Ag(-+A)/2)^ 



e e' 



and then 



(30) 



(31) 



-2i^\(e^ - l)/r){e-^/rf - (e^ - ifie-^/r^. 

(32) 



These expressions, Eq. (|27p and Eq. (|3T]) . have been 
derived by a different method in 1985 [3], [5], and were 
used for solving the Einstein equation. This process will 
be recapitulated in the next section. The difference from 
1985 is that this time we have shown that this is the exact 
solution for a SSS metric. 



Ns, N^ and Ny being the numbers of scalar fields, four- 
component neutrino fields and vector fields respectively. 
An explicit form of the Einstein equation reads 






C 2A/2A' 1 ^ „ A. A' 1, 1 



and 



e-^- 



-u' 1 . 1 






= |(e-^^^ + ^) + 2e-(^-^) + ^), (37) 
where 

e = I' p. (38) 

Subtraction of the two Einstein equations yields 

ly' + X' = (39) 

or 



1^ + X = 
by the boundary condition at 



Multiplying Eq. 1^ by 



r = oo. 

^2 



2 J, j,2 ' 



e'\rX' - 1) + 1 = i:{e-^\— + ^) 



r 7— 7" 



which can be expressed as 



f p-2A 

-{re-'y + r' = \{-C-—y 



(40) 
(41) 



+ 2e-'(---4,) + :^), (42) 



III. QUANTUM CORRECTIONS FOR A SSS 
METRIC 



The Einstein equation for a SSS metric, Eq. ([7]), is 
expressed 



/2/3 



where [1| 






I' = IGttG 



and 



I3- 



1 



28807r2 



(33) 



(34) 



(TV, + IITV^ + 62Nv), (35) 



+ 2(— )'-(-)'), (43) 



which can be integrated 



re + r 



p g-^A -A 1 

= |(-^ + 2— -i) + i^, 



2r2 2A'r 



g-2A_2(i+ )e-A + l + r_ 



(44) 



0, (45) 



where K stands for an integration constant. The solution 
of this quadratic equation is 



e-^ = e^^l + --W- + — . (46) 



This is the solution [31,0 that was obtained by the author 
in 1985. In the hmit, r — >■ oo or ^ — )• 0, one obtains 



e" -^l 



K K^i 



(47) 



r 2r4 
so that the integration constant K is determined to be 

K = 2GM. (48) 



n21 I p23 I I p2,n-l 

..2 — ^'■....20 T" ^....21 I ^-....23 + • ■ ■ + -fl....2,n-l 



R\ = i?2" 



\' „-A 



v' — \' e " , , , X , e 
(„_3)(eA_l) 



-A 

2~ 






^^.3 



(56) 



The important point is that this is the exact solution for 
quantum corrections for a SSS metric. As r — >■ 0, 



i? — R Q + -R Y 



R 



ri-l 



1- 



l2Kr 



e 



(49) 



which shows the repulsive effect of quantum corrections 
on gravity at short distances. As is well known by now 
this is the basis for the author's model of high energy 
cosmic ray emission from AGN. 



IV. APPENDIX: CURVATURE IN A SSS 
METRIC IN N DIMENSIONS 

The extension of the curvature in a SSS metric to n 
dimensions reads 



^ K + ^ - ^)e- V (n - 2)(.' - A')^ 
(n-2)(n-3)(e^-l)^ (57) 



For the quadratic curvature form, 



^....-yS^aP 



+ {R''..^.f + ■■■ 



0,n-l -.2 



= 4((i?"i.o,)^ + (i?''^.^,)^ + . . . + {R'-XL^ 



+ {R':Xn^if 
+ iR':Xn-ir 



,11 ,/2 



i?:v = (^ + 



v'X 



-)e- 



(50) 



. / pn-2,n-l \2\ 
+ [R....n-2.n-l) ) 



'A' 



= (K + ^ - -^y ) +{n- 2)(^- + A-)( — ) 



R 



....02 



= R 



R 



03 
....03 ^ 

,0,n-l 



ly' e-^ 



.0,n-l r, 



^— (51) 



+ 2(n-2)(n-3)((e^-l) — ) 



(58) 



pl2 
^....12 



R 



13 



.13 



= i? 



l,n-l 



4— (52) 

2 r 



R' 



.23 



R' 



R" 



R' 



.n-2.n-l 



R 



34 



.34 



-(e^-1)- 



3O2 



pO _ pOi I pO 

^..0 ~ ^....01 I -'^'....02 



n 



....0,n-l 






,' .o-A 



(53) 



—)e-' + in-2)-— (54) 



R'^pR-c.'' = iR%f + iR\if + --iR^.n-if 

2^^ 2 2 ' ' 

+ ^^(." + ^-^)(.'-A')^ 

2^2 2 '^ ' 



and 



-2A 



(n - 2)2 



-A 



+ ^_^(.'2 + A'2)(— )2 
4 r 

+ ^^(-'-A')^(— )^ 
4 r 

-(n-2)(n-3)(^'-A')^— i( — : 

r r 



,-A 



+ (n-i){n-if(--^)\'—f (59) 



^'.1 = ^.'.". 



10 



R 



....12 T" -"....13 



i?.^^,+ 



+ -K....l,n-1 



," ,,'2 



( ^ )er^ - {n-2) (55) 

^24 4^ ^ '^2r ^^ 



R' = ((-" + ^ - ^)<=-' + (- - 2)(.' - yf— 



,-A 



-(n-2)(n-3)(e^-l) — )^. 



(60) 
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